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III. A general Inveftigation of the Nature 
of the Curve \ formed by the Shadow of a 
prolate Spheroid^ upon a PJa?te [landing at 
right Angles to the Axis of the Shadow ; in 
a Letter to the Royal Society^ by Mr. 
George Witchell* F. R> S. 

Gentlemen, 

Read Jan. i5,y Beg leave to lay before the Royal So- 
17 7# Jl ciety the following inveftigation of an 
irregularity in the duration of the eclipfes of Jupiter's 
Satellites, occasioned by the figure of his body. 

It has been known for a long time, that Jupiter's 
body was not truly Spherical, but a prolate ipheroid, 
and that in a much greater degree than any of the 
other planets ; but notwithftanding this, it was never 
fufpedted that it would affed: the durations of the 
eclipfes of the Satellite, till Dr. Bevis firft thought of 
it, in the latter end of the fummer 1761, 

The Doctor, being at that time indiipofed, recom- 
mended the Subject to my confideration 5 and, in 
confequence of his requeft, I not long after pre- 
fented him with a Solution of the problem, being in 
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fubftance the fame with this, as far as proportion 
V. a copy of which he foon after transmitted to that 
excellent mathematician the late M. Clair aut. 

In March 17635M.de la Lande, an eminent French 
aftronomer, being here, Dr. Be vis flievved him my 
paper; this occasioned a new article in the Conn, dcs 
Mouv. Cekji. 1765, p. 277, under the tide, Inegaliti 
dans les demi-durees dcs eclipfes des fatellites de Jupiter % 
caufee par f applatijfement de Jupiter: in which he 
mentions this circumfiance in the following words ; 
" M. le dofiteur Bevis me fit voir a Londres, au mois 

de Mars dernier, une folution rigoureufe" & al- 

gebrai'que de ce probleme, qui confifte a trouver la 

courbe qui refulte de la fedtion de l'ombre d'un 
" fpheroi'de a une diftance quelconque." 

In this ftate it remained ever fince; for though 
the Dodlor, and fome other gentlemen, to whom I 
fhewed it, frequently urged me to lay it before the 
Royal Society -> I always declined it, till I fhould 
have time to make fome farther additions to it. 

A few months fince, M. Bailly, a French gentle- 
man, publifhed at Paris an elaborate treatife upon the 
theory of Jupiter's fatellites ; in which he has been 
pleafed to give the honour of this difcovery intirely 
to M. de la Lande, without the leaft mention of Dr. 
Bevis. I then thought it incumbent on me to do 
juftice to the Doctor, by immediately finifhing my pa- 
per in the beft manner I was able, and prefenting 
it to the Royal Society. 

I fhall be extremely glad, if this rude eflay fhould 
excite fome more able perfon to treat the fubjed: in 
the manner it deferves ; for though, I believe, my 
folution will not be deficient in point of truth, I am 

not 
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not vain enough to think it may not be performed 
in a more elegant manner* I have the honour 
to be, 

Gentlemen, 

Your moft obedient 



humble fervant, 



E^ George Witchell. 

LEMMA. 

If any fpheroid is cut by a plane, in any direction 
whatever (excepting that which is perpendicular to 
its axis), the figure of the fedtion will be an ellipfis. 
This is demonstrated in Simpfon's Fluxions, Vol. 1L 

P- 456. 

PROPOSITION I. 

Tab. III. fig. r. Let the fphere BEGK be cut 
through its center by the planes BGK, BPD, BoD, 
BOD, EAK, and LPHj it is required to determine 
the inclination of the planes LPH, BOD, and alfo 
the inclination of the right lines AC, BC, which is 
meafured by the arc AB - y there being given the angles 
of inclination EBF, FB# , together with the arc BF : 
the angles AFB, EAL, being right angles, and the 
inclination of the required plane BOD, but little ex- 
ceeding that of the given plane B0D, 

Let 
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Let the fine of EBF=tf, its coCme—a' 9 the tan* 
gent of BF=& its cofine =^', the fine ofFB#:=/, 
its co-fine =/ / , the fine of aBA~z, the fine of 

AB— Z, its cofine =:Z, the fine of PAO = £ and 
radius = I j then we ftiall have the fine of ABF 

= the fine of FBa-\-aBA—p-\~p'z, and its cofine 
z=zp'~-pz: Therefore by trigonometry we fhall have 
in the right angled fphericai triangle ABF, as Rad. 
(i) : cofine BF {b') :: fine ABF {f^rp'*' cofine 
BAF = fine of LAB, or its equal PAO j therefore 

£=i' xp -\-p'% = t^ e fine of the required inclina- 
tion of the planes LPH, BOD. In like manner in 
the fame triangle it will be as rad. (i) : cotan, BF 

(l) : :cof,„aABF(/_^ = cc t a„.BA = f i 

hence Z = i > and Z = , p '~ px , which 

are the fine and cofine of the required arc AB. 

COROLLARY I. 

If inftead of a fphere we now fuppofe BEGK re- 
prefents a prolate fpheroid, whofe axis is CP$ the 
figures of the fedions LPH, BOD, &c. inftead of 
circles, will become ellipfes (by the lemma) ; but it 
is evident that the inclinations of thofe planes to 
each other, and likcwife the inclination of the right 
lines AC, BC, or the angle ACB, will remain un- 
altered. 

COROLLARY II. 

If BEGK reprefents any primary planet revolving 
about the fun in an orbit whofe plane co-incides 

with 
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with the plane BCD, it is manifeft that BCD will 
be its ecliptic, making the angle of obliquity BIE 
with its equator EAK (whofe pole is P) y and if B 
be the place of the fun in this ecliptic, at any given 
time, the arc BI will be the diftance of the fun from 
the neareft equinoctial point I \ and the arc BF his 
declination at the fame time. 

COROLLARY III. 

If the plane POG, which pafles through P, the 
pole of the fpheroid, be perpendicular to the plane 
LPH, it will alfo be perpendicular to any other plane 
BOD, which pafles through A, the interferon of the 
equatorial plane EAK, with the plane LPH •, there- 
fore the angle ACO being a right angle, it is evi- 
dent that AC will be the femi-tranfverfe, and CO 
the femi- conjugate axis of the elliptic fedtion BOD. 

COROLLARY IV. 

Hence it appears, that the tranfverfe axis of any 
elliptic fedrion BOD, made by a plane paffing through 
the center of the fpheroid, will always be equal to 
the equatorial diameter of the fpheroid, but the con- 
jugate axis will be longer or fhorter, according as the 
inclination of the planes LPH, BOD, is more or 
lefs. 

PROPOSITION II. 

Fig. 2. To find the length of the femi-conjugate 
axis CO, of the elliptic fedtion AO^, formed by a 
plane cutting the given prolate fpheroid POG through 
its center C, and making the angle PCO with the 
axis CP. 

Let 
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Let the fine of the angle PCO=:(, CG = A 
CPz:^,CO = x, (radius being unity) $ draw P O 
perpendicular to CP : then in the right angled plane 
triangle BCO, we haye as rad. (i) : CO (*) :: 
finePCO (£) :B Q(^ ) ; and r ad. (i ) :CO (*) 
: : cofine P CO (v^i — f») : BC (Wi-f) i but from 

the nature of the ellipfis we have - x x^ — » 2 C 

= BCT = ** — «* ^ ; therefore * — ; _ _ = . 
or putting f — <f =/*, and **— ** == <p\ we have 
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PROPOSITION III. 

Fig. 3. Let BOD be an ellipfis, whofe tranfverfe 
diameter A b makes the angle ACB, with the right 
line BCD, and let T/£G be a tangent to the ellipfis, 
in the point F, making the angle GTC with the 
right line BCD : It is required to find the length of 
the normal Ck y drawn from the center of the el- 
lipfis, to the tangent TG. 

From C, the center of the ellipfis, let CE be 
drawn parallel to the tangent TG, meeting the el- 
lipfis in the point E; and CG perpendicular to the 
line BCD, meeting the tangent in the point G : Put 

the fine of A CB rz= Z, its cofine — Z, the fine of 

TGC = V, its cofine = V (radius being unity) 

AC = /, CO =5 «, and /• ~ K % = <p*. then will 

the fine of OCE(= the fine of O C D 4- D C E) 

VoL.LVU. F be 
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be expreffed by Z V -\- Z V^andbythelaftpropofition 

we fhall find CE = J ■— ffi; but (by 

V/ a — ?>*xZV + ZV* v 7 

conies) CE x Ci = CO x CA, whence we 
fhall obtain Ck = V**— $*xZV + Zv'\ 

PROPOSITION IV. 

Fig. 4. In the two fimilar right angled plane* 
triangles HKS, HMN, right angled at K, and M» 
there is given the right lines K S and M S, to find 
the acute angles, fuppofingthe given angle bnM to 
be nearly equal to the required angle HNM. Put 
MS —A, KS = r, MN = u, the fine of the 
given angle hn M == q > its cofine = q f , the fine 

of HNM = V, its cofine = V, the fine ol 

HNM - hn M = x, and radius = i. Let M L 
be drawn parallel to H K, and M / parallel to S K : 
then in the right angled plane triangles N M /, 
SML, we have as rad. (i) : MN (u) : : fine HN-M 
( V) : Ml (ttV), and as rad. (i) : MS (a) : fin. 

LMS (V) : LS (aV) ; but M/-f-LS =KS$ there- 
fore uV -V- AV = r f and by the foregoing notation 
V—^-y 4- <f x, and V=/ — ■##; therefore thefe 
values of V and V being wrote in the above equa- 
tion we (hall find x = - A ^ ? -v— > and from thence 

V ^ t=If t an d V = f-"f • 

PROPO- 
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PROPOSITION V. 

Fig. 5. If the opake prelate fpheroid BPOD, 
given in fpecies and pofition, be oppofed to the 
given luminous fphere HK QI at the given diftance 
C S, forming the fhadow Yfb-c : It is propofed to de- 
termine the figure of the feftion a R N made by a 
plane, cutting the fhadow perpendicularly to its 
axis at the given diftance M S. 

Let the required curve ^RN be conceived to be 
generated by the extremity R, of the variable right 
line M R, revolving about the given point M as a 
center, the line MR being always perpendicular to 
the axis of the fhadow MS : Let the right line RQ be 
a tangent to the fphere HKQHn the point Q, and in 
the fame plane with the right lines R M, M S, it 
will then reprefent one of the rays of light, which 
conftitute the conical fuperficies of the fhadow, and* 
therefore, by the laws of optics, will be a tangent to 
the fpheroid alio; now when the generating point R 
has arrived at N, the ray R Q_ (being fuppofed to 
revolve with it) will co-incide with the tangent NK, 
touching the fphere in K, and the fpheroid in F : Join 
K, S, and the- angles NMS, and NKS, will be 
right angles 5 let the fpheroid be fuppofed to be cur* 
by the quadrangular plane NM.SK, forming thereby 
the elliptic fecfron BOD, draw Ck perpendicular, 
and C / parallel to N K 5 put C A = /, M C = % 
CS = d, MS = A, SK = r, MN = Uf CO = K$ 

the fine of 3NM = V, its cofine =ss V, the fine 

of A C B = Z, its cofine =/ Z, and radius — 1 : 

F % Then 
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Then in the right angled plane triangle C/S, it will 
beasrad. (i) : CS (d) :: fine SC/(V) : S/(</V), 
and confequently C £ (= K S — S/) = r — */ V ; 
but by prop. III. Ck = VZ^^r , whence we 

fhall have r — i V = V**— ^xzv+zvl* ; Now by 
propofition I. we fhall find ^—b'y^p -}- jf/z» 
Z = j .„ and Z = . 7= | j = j =j by prop. II. 

- F~7^ > and <P* = f ^- L — > laftlybyprop.IV. 

V =s ^LlJL r and V = - r """A which values being 

fubftituted in the above equation will exhibit the 
nature of the required curve ^RN, in terms of z 
and y. 

SCHOLIUM. 

If the fphere HKQI reprefents the fun, and the 
fpheroid B P O D one of the primary planets, it will 
appear, from the preceding reafoning, that the figure 
of the fedion of its fhadow received upon a plane, 
which is perpendicular to its axis, will not be a circle 
(except when the axis of the planet produced paffes 
through the funs center) but a'curve of the oval kind, 
whofe fpecies will be known from the foregoing 

equation. 

If the fphere HKQI had been regarded as a 
fpheroid in the above folution, it is eafy to fee that 
the foregoing proccfs would have determined the 

nature. 
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nature of the required curve ; but the figure of the 
fun is fo nearly fpherical, that it was not thought 
neceflary to embarrafs the folution with that consi- 
deration. 

Hence the duration of an eclipfe of a given fa- 
telles may be determined in the following manner; 
Let B R C (fig. 6,) be the fe&ion of the fhadow, 
through which the fatelles pafles, Np N the path 
of the fatelles, making the given angle Np M, with 
the circle of latitude Rp M ; BMCa part of the 
primary's orbit produced, and Mp the given latitude 
of the fatelles at the time of the fyzygia ; the circle of 
latitude R/>Mis reprefented in fig. i. by the primitive 
circle B E G D, and the angle RMN, by the fpherl- 
cal angle EB A *, therefore t he fine of R M N = the 

fine of E B A = t he fine of E BP -\-FBa~\-aBA 
s= ap / 4- a f p 4" a' p' - a P X z, and its cofine 
= afp f —ap — ap'+a'pxzi which for the fake of 
brevity may be exprefled by y, and/ ; then putting 
Mp = n, M N = v, the fine of Mp N = m, its co- 
fine = m\ and radius = i ; we ihall have the fine 
of 3M N P expreft by my f 4" fffy ; and therefore we 
fhall have in the plane triangle MpN 5 as the fin.MN^ 
(my* 4" my) : Mp («) : : fine Mp N (m) : M N ( v ) ;. 

hence v = -, ' , ; from which, and the equation 

of the curve (determined above) ~ =r p N, and con- 

fequently, the duration of the eclipfe will become 
known. 

In prop. I. the fine of the angle ABF is exprefFed 
by p -\-p'z, and its cofine by f -p z, inftead of their 
true values /a/ +/*, and j/z'—pz; this was done- 
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to render the following conclufions more fimple than 
they otherwife would have been ; and as the angle 
a B A is, by hypothecs, botfmall, its cofine will ap- 
proach fo near to the radius, as not to occafion any 
fenfible error in the refult ; and the fame may be ob- 
ferved with regard to what is advanced in prop. IV. 

It remains now to apply, what has been inveftigated 
above, to the eclipfes of Jupiter's fatellites, and to 
examine whether the prolatenefs of his figure will 
have any fenfible effedt upon their durations $ and this 
is become the mere neceffary, as that celebrated aftro- 
nomer M. de la Lande (who candidly acknowledges, 
that he was excited to turn his thoughts upon this 
fubjedt, from a curfory view of this paper, which 
was (hewn him by Dr. Bevis*) does not feem to 
have considered the queftion, with that degree of at- 
tention which I think it demands. 

But before this can be done with exa&nefs, it will 
be necefiary to have the inclination of Jupiter's axis, 
with refpeft to his ecliptic, and the place of his equi- 
noxes determined by obfervation, neither of which 
I believe has yet been done with any degree of cer- 
tainty ; I {hall, therefore, proceed in "this inquiry upon 
M. de la Lande's hypothecs,, that Jupiter's axis is per- 
pendicular to his orbit $ and perhaps this fuppofition is 
not fo far diftant from the truth, as to occafion any 
material error in the conclusion. It may alfo be re- 
marked, that in the general equation given above, 

V and V exprefs the fine and cofine of the femi- 
angle of the cone of Jupiter's Shadow, but this angle 
can never exceed 3 ', and confequentiy we may very 

* Vid. Connoiff. des Mouv. Celeft. 1765, p. 177. 

Safely 
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fefely ufc the radius inftead of V wherever it 
occurs • 

By this means the general equation will become 

r-JV= V?* z — $*, or which is the fame r~-dV=zK, 

therefore V= ^ j but by prop. IV. V = ^^r, 

which, becaufe q is nearly equal to V, and q'u very 

fmall with refped to qA\ will become V r= 



r — y 

mmmmmmmmm • 
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therefore -^- = -^- , from which we {hall find 

d A 

»=• *~ r i and this equation is exa&ly the fame 

With that which would arife from eonfidering the 
fun as a circular, and Jupiter as an elliptic plane* 
limited by one of his meridians, and always parallel 
to the difk of the fun $ which fuppofition, the im- 
menfe diftance.of Jupiter from the fun renders very 
allowable. 

From this equation an eafy mechanical method 
may be derived of delineating the curve of the fha- 
iow, at any given diftance from Jupiter, for as k de- 
notes any femi-diameter of the elliptic fe&ion of Ju- 
piter's body, it is manifeft, that the term - x *> will 

exprefs the correfponding femi-diameter of a fimilar 
ellipfis, whofe axes are to thofe of Jupiter in the 

given ratio of A to d, and the term --is wholly given: 

Therefore if arm (fig. 7.) be fuch an ellipfis, and 
there be drawn through its center M any number of 
&mi-diameters M#, M^. Mr, &c. meeting the el- 
lipfis 
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lipfis in a, h, c> 5ec. let a A, £B, cC f &c. be taken 
each equal to the given term — , and the points A,B,C, 

&c. will be in the required curve. 

It appears from confidering the nature of this 
curve, that it will have two cufps, one at each ex- 
tremity of its lefler axis, which will approach to- 
ward each other, according as the diftance $ is aug- 
mented ; therefore, if the diftance of the fe&ion of 
the fhadow, from Jupiter's center, was taken, fuch 

that<Jr= , the lefler axis of the curve would 

r — c 

then vanifti, and the cufps meet in the center, and 
thereby form two diftind fhadows (as reprefented 
in fig. 8) ; in confequence of which, if a fatelles, 
revolved at that diftance, it might fuffer a double 
eclipfe, at the fame conjunction, which remarkable 
phenomenon may alfo happen, at a iefs diftance 
from Jupiter, in fome circumftances. 

I fhall now fhew how the duration of an eclipfe 
of a given fatelles may be determined independant 
of the equation of the curve ; and this, perhaps, 
will be the more acceptable, as it will afford a prac- 
tical rule, which may be applied, in every pofition 
of Jupiter's axis, with very little trouble. This may 
be done by the help of the following proportion. 

PROPOSITION VI. 

If a circle eDfG be defcribed about the conjugate 
axis GD, of a given ellipfis ADBG, and a right 
line E F be drawn, making the given angle Ftf D, 

with 
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with the conjugate axis, and pafling through the 
given point sr taken therein, it is propofed to deter- 
mine the length of the fegments F/, Ee, intercepted 
between the circumference of the circle, and the pe- 
rimeter of the ellipfis. 

From the point F, draw the right line F d parallel 
to the tranfverfe axis A B, meeting the conjugate 
GD in the point d, and the circle in c; draw the lines 
CF, Cf y Cc, and let en be joined : Then by conies 
we (hall have, as CB : C D : : tang. F tt D : tang. 
CttD, and in the right lined triangle C?rC> it will be 
asCf (CD) : fin. Cttc :: Ctt: fin. Cc^r, whence 
the angle cCtt becomes known ; but as CD : CB :: 
tang, c C 7T : tang. FC^r ; therefore FCir is known ; 
from which taking away the given angle^C^r, there 
remains the angle FCf; consequently all the angles, 
in the right lined triangle/CF, together with the fide 
C/(CD), are known: we {hall therefore have, in 
the right lined triangle, FJ C, as fin. /F C : Cf : : fin. 
/CF :fF> one of the required fegments, and by a 
Similar operation, the other fegment E e will be found, 
whence -as efis given, EF will become known. 

V* \j 1\ U L L A Ja. Y 1* 

The required fegments FJ\ Ee, will be found in 
the fame manner, when the given point n is not taken 
in one of the axes, but any where between % but in 
that cafe, the point where the line EF interfeits the 
conjugate axis, muft be firft determined* 

COROLLARY II. 

If a perpendicular C/z be let fall from C upon the 

line EF, the angle vQn will be given, to which, 

Vol. LV1I. G adding 
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adding F C ?r (found above) the angle F C n will be 
known ; hence we fhall have the following analogy 
for determining En : As tang./ Cn t tang. FC« :: 
/# : F#. 

Now let K£H (fig. i a) reprefent the difk of the 
fan, and eE>fG that of Jupiter, conliHered as a 
circle, whofe diameter is equal to his axis DG, draw 
N/#, the path of the fatelles, making the given- 
angle N/> R, with a right light Kg drawn parallel to 
the diameter I>G, and let ab be the duration of the 
eclipfe, and V the apex of the fhadow in this hypo<- 
thefis; join Va, V b, and let the plane a V b be pro- 
duced, till it meets the funs difk in K and k, it will 
then interfedl the difk of Jupiter in the line jfotf, and 
the lines VK, Vi, will alfo touch the circumference 
of the circle <?DjfG, in the points e and/, draw the 
line SV, and it will be the axis of the fhadow, and 
confequently will pafs through C and M, the centers 
of Jupiter, and the fe&ion of the fhadow ; join a M, 
bMy/Cy eC, and the triangles abM, e/C, will be 
fimilar to each other, and, therefore, abM being 
wholly given, feC will likewife be known. Let 
ADBG be the elliptic fedtion of Jupiter's body, and 
produce *?r/both ways, till it meets the periphery 
of the ellipfis in the points E and F, draw KF^iE, 
and produce them till they meet with a b 9 produced 
both ways in N and «, then will N n be the required 
duration of the eclipfe in the true fhadow: Now 
the triangles K/T, KtfN, being fimilar, as are alfo 
the triangles keE, kbn, and the fegments Ff, eE, 
being given by the preceding propofition, the re- 
quired fegments N # , b n> will alfo become known, 
for they will be to the former fegments in the given 
ratio ofSM to SC. 

7 It 
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It may be obferved, that this method is equally 
applicable, whether the axis of Jupiter is perpendi- 
cular to his orbit, or not ; for if it is not, we can 
eafily find by proposition I and II. the fpecies and 
pofition of that elliptic feftion of Jupiter's body, to 
which a right line connecting the centers of the fun 
and Jupiter is perpendicular ; and this being obtained 
^very thing elfe will remain as before. 

As it would require more time, than I have to ipare 
at prefent, to enter into a particular inquiry concerning 
the alterations, which this irregularity in the fhadow 
will occafion, in the prefent theory of Jupiter's fatel- 
lites, I fhall conclude with obferving, that the errors 
in the femi-durations of their eclipfes, arifing from 
this caufe, may fometimes amount to 20" in the 
firft 1 50" in the fecond > 2! 1 9" in the third $ and 
ii ; 14" in the fourth; which errors will, I believe, 
be deemed fufficiently large to merit the attention of 
afironomers. 

G. Witchell. 
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